For a few decades now, scholars have tried to make mathematics education more meaningful and motivating by using narratives. However, there still remains a gap between the theory of narratives and classroom practice. In this paper we provide two design heuristics for teachers by which to bridge this gap. We discuss Dietiker's mathematical story framework, based on narratology, and present a design heuristic based on this framework by which to design mathematical stories. We extend this heuristic on the basis of the work of the Russian formalist Vladimir Propp, who analyzed Russian folktales. He found that 31 irreducible narrative elements, called functions or narratemes, can be distinguished. We exemplify our heuristics by means of two mathematical stories, one of which concerns Kepler's conjecture. The value of this approach is that it provides mathematics teachers with a heuristic story framework that is suitable for designing or redesigning mathematical stories.
INTRODUCTION
For a few decades now, scholars have been trying to make mathematics and science education more meaningful and more engaging, by using narratives. Since narratology (the theory of narratives and narrative structures) covers a large research field, it seems a good idea to distinguish different ways of combining the two. According to Boström (2006) narratives can contribute to education from three different perspectives: the teaching perspective, the inquiring perspective, and the epistemological perspective. All narratives used by teachers and students, such as textbooks, YouTube, auxiliary materials, inside and outside the classroom in order to make the subject meaningful and engaging, are to be considered of the first type (Zazkis & Liljedahl, 2009; Albool, 2013a Albool, , 2013b Balakrishnan, 2008) . When narratives are used as a methodology in educational research, for example, when a mathematical textbook is analyzed (Dietiker, 2012 (Dietiker, , 2015a (Dietiker, , 2015b Soto y Koelemeijer, 2008) , we speak of the inquiring perspective. When narratives are used as a way of observing the world, we speak of the epistemological perspective (Boström, 2006; Kaasila, 2006; Burton, 2001; Gade, 2010; Drake, 2006; Healy & Sinclair, 2007) . This paper is concerned with the teaching perspective. More specifically, we focus on narratives told by teachers in a classroom setting. Since narrativity and storytelling are closely related, one obvious reason to use narratives in mathematics education is by telling stories in class: stories about the history and philosophy of mathematics, about mathematicians, about the interplay of mathematics and other disciplines, and stories about the applications of mathematics and its place in human history and thought. Stories are an excellent tool to 'humanize' abstract mathematics. This is in line with Freudenthal's and Hersh's view of mathematics as a human activity (Freudenthal, 1991; Hersh, 1997) . This humanization of mathematics contributes to making the subject matter more meaningful "by relating it to students' lives and interests" (Hobbs, 2013) .
If narratives can be used to make the subject more meaningful and more engaging, the question arises how mathematics teachers can tell interesting and effective stories. Not every teacher is a born storyteller. A second problem is how the story is linked to the mathematical content. Egan (1988) presents a design heuristic consisting of five steps, in which the first step is to identify importance. This can be done by answering three questions: What is most important about this topic? Why should it matter to students? And last but not least: What is affectively engaging about it? The second step consists of finding a binary opposite that best catches the importance of the topic. The third step consists of organizing content into story form. Although Egan prescribes some steps for using narratives in classroom practice, it is still not clear how to organize the content into story form. In this paper we aim to bridge this gap by presenting two design heuristics. The value of this approach is that it provides mathematical teachers with a detailed story framework that is suitable for designing or redesigning mathematical stories.
The first section begins with a brief overview of the interplay between narrativity, storytelling, and (mathematics) education. In section 3 we briefly discuss Bruner's two modes of thought. In section 4 some examples are given of different perspectives on how narratives can be used in mathematical education research and practice. In section 5 we focus on the work of Dietiker, more specifically on Dietiker's theoretical framework (2015a, 2015b) , in which five story elements are used to improve the internal mathematical story. We will use these story elements to offer a design heuristic, and demonstrate this heuristic by means of an example of a mathematical story in section 6. Ideally, teachers have more than one heuristic at their disposal, so that different kind of stories can be told. This first design heuristic is very basic: it consists of only five elements which can be used to design a story. In order to expand the heuristic basis, in section 7 the Russian formalist Vladimir Propp is introduced, and in section 8, a second design heuristic is given which is much more detailed. It is based on the work of Propp, who analyzed over 100 Russian folktales. He found that 31 irreducible narrative elements, called functions or narratemes, can be distinguished. We have used the reverse path, that is, we do not analyse an existing story, but show by means of an example how a mathematical story can be designed or redesigned with the help of these narratemes. This is the subject of section 9. The last section contains a conclusion and some ideas for further research.
NARRATIVITY, STORYTELLING AND EDUCATION
Narrativity and storytelling are closely related, since "a narrative text is a text in which an agent relates ('tells') a story in a particular medium, such as language, imagery, sound, buildings, or a combination thereof" (Bal, 2009) . The introduction of storytelling, or narratives, into education is not a recent development. Authors such as Aristotle, Barthes, and Bruner have all placed narrative in the centre of human cognition. Over the past few decades there has been an increasing emphasis on the relationship between stories and knowledge construction. Egan (1988) writes:
The story form is a cultural universal; everyone everywhere enjoys stories. The story, then, is not just some casual entertainment; it reflects a basic and powerful form in which we make sense of the world and experience. Indeed, some people claim that the story form reflects a fundamental structure of the mind.
His goal is to show how to use the power of the story form in order to teach any content engagingly and meaningfully. Therefore, he advises to ensure that a conflict or sense of dramatic tension is set up at the beginning of the lesson to create some expectation, just as a storyteller, or narrator, does. Human beings make sense of a story affectively and cognitively, which makes it a powerful tool for learning. According to Egan (1988) , human emotions and intentions are important in making things meaningful. "To present knowledge cut off from human emotions and intentions is to reduce its affective meaning." Hobbs (2013) writes that "Essentially, the stories serve to situate the subject matter historically, culturally, socially or personally, that is, they essentially humanize the content in order to make it meaningful."
Contribution of this paper to the literature
• Narratives can contribute to education from three different perspectives: the teaching perspective, the inquiring perspective, and the epistemological perspective. This paper presents a fourth perspective of how narratives can contribute to (mathematics) education: the ontological perspective.
• This paper presents a design heuristic to design a mathematical story based on Dietiker's framework. We exemplified this heuristic by means of an example containing five story elements: character, action, actor, setting, and plot.
• This paper presents a second design heuristic to design or redesign a mathematical story. This heuristic is based on the work of the Russian folklorist Vladimir Propp, more specifically his The Morphology of the Folktale. With this theoretical framework the mathematical story becomes much more detailed and complex. We also illustrate the heuristic by means of an example.
THE PARADIGMATIC MODE VERSUS THE NARRATIVE MODE
On a cognitive level, Bruner (1986) The paradigmatic mode is the one used in science, in which we logically try to categorize the world around us. The narrative mode, on the other hand, is concerned with the meaning that is ascribed to experiences through stories. Adler (2008) The difference between the two modes is summarized by Brendel (2000) as the distinction between causal relationships (the paradigmatic mode) and meaningful explanation (narrative mode). One could argue that in mathematics education both modes play a role. Of course, mathematics itself is about patterns, structure and causal relations, but the interpretation of a mathematical text, whether a textbook or a teacher's introduction or explanation, is part of the narrative mode. The same holds for how meaning is derived.
The central issue in the paradigmatic mode is to know truth, that is, its objective is truth. The central issue in the narrative mode is to endow experiences with meaning. The objective in the narrative mode is verisimilitude rather than truth. Different people tell different stories about a similar event. There is not one truth, but several, depending on who tells, feels, or sees. Where the method of the paradigmatic mode is concerned with sound argument, reason, logic, and proof, the method of the narrative mode is concerned with a good story, association, aesthetics, and intuition. This does not imply that in the narrative mode, everything is allowed. A good story for example is a coherent story, it contains a clear inner structure, and there must be some logic in the sequence of events.
We can also distinguish some characteristics for each of the two modes. Where the paradigmatic mode is theorydriven, general, abstract, de-contextualized, a-historical, and non-contradictory, the narrative modes are meaningcentered, particular, concrete, context-sensitive, historical, and contradictory. Thus, the narrative mode allows us to present mathematics in a different way, that is, as a human activity. Narratives can be used to place abstract mathematics in a context, historical or not.
According to Bruner there are four characteristics of narratives (see also Healy & Sinclair, 2007) : they have an inherent sequentiality, they can be about real or imaginary events, they forge connections between the exceptional and the ordinary, and they have some kind of dramatic quality. These characteristics are part of the two design heuristics that will be presented in this paper.
NARRATIVITY AND MATHEMATICS
Narratives in mathematics education have received increasing attention over the last thirty years. Also in this research field the three perspectives mentioned above can be distinguished. We would like to add a different perspective on how narratives can contribute to education, that is, the ontological perspective. By this we mean the study of the interplay of the essence of both disciplines. We will give two examples.
The book Circles Disturbed: The Interplay of Mathematics and Narrative (Doxiadis & Mazur, 2012) contains 15 fascinating essays in which the interplay between mathematics and narratives is examined. One of the most interesting essays is that by Greek author and mathematician Doxiadis. In it, he searches for the origin of mathematical proof, which he relates to rhetoric. He shows in this lengthy essay that mathematics and narrativity are interrelated from the beginning. The essay by Gowers, called Vividness in Mathematics and Narrative, also belongs to this category. He argues that, like narratives, "mathematics explanations can have or lack the quality of vividness as well, and that the causes are similar."
Concerning the teacher perspective in mathematics education, Doxiadis is also an advocate for telling stories in math class. He is the author of the famous graphic novels Logicomix, an epic search for truth, and Uncle Petros and Goldbach's Conjecture, and claims (Doxiadis, 2003) that "mathematical narrative must enter the school curriculum, in both primary and secondary education." The challenge is to make sure that mathematical narrative supplements and interacts with technical mathematics teaching. The aim of introducing narratives is threefold:
• to increase the appeal of the subject,
• to give it a sense of intellectual, historical and social relevance, and a place in our culture,
• to give students a better sense of the scope of the field, beyond the necessarily limited technical mathematics that can be taught within the constraints of the school system.
Balakrishnan (2008) shows how stories can be used in various ways to add emotional value and meaning to facts, rules, and algorithms. Zazkis & Liljedahl (2009) explore the function of storytelling in classroom to achieve an environment of imagination, emotion and thinking, to make mathematics more enjoyable and more memorable, to engage students in a mathematical activity, to make them think and explore, and to help them understand concepts and ideas. Albool (2013a Albool ( , 2013b concludes that using storytelling in teaching mathematics increases students' ability to understand fraction concepts, increases their ability to solve mathematics problems, and increases students' motivation toward learning mathematics.
The epistemological perspective can be found in for example Burton (2001) and Drake (2006) . Burton focuses on children's narratives. She concludes that "children are natural storytellers and they practice this in all aspects of their learning, including mathematics." Drake uses "teachers' narrative descriptions of themselves as learners and teachers of mathematics to understand teachers' interpretations and implementations of a reform-oriented mathematics curriculum." The focus here is on turning-point stories, that is, "stories in which the teachers initially experienced significant failures in mathematics, but, as the result of a turning-point experience, now view themselves positively as both learners and teachers of mathematics."
Narratology is "the theory of narratives, narrative texts, images, spectacles, events; cultural artefacts that 'tell a story'" (Bal, 2009) . We believe that not only narratology (such aspects as different kind of story forms, focalization, the difference between text/fabula and story, etc.), but also more general literary theory (for example close reading and poetry analysis) can in a broad sense be used to improve mathematics education. If narratology is used to analyse a mathematical text, we speak of the inquiring perspective.
A mathematical textbook, or a lesson, can be seen as a narrative text, and therefore narratology can be used to analyse the text. Differentiating between fabula and story can shed light on the difficulties that weak students experience doing mathematics. One difference between story and fabula is that the sequence in the fabula is chronological, whereas the sequence in the story does not have to be. This can be related to, for example, the order of solving a mathematical problem, and to the question of where to begin. Dialogues and other story forms can be used to identify oneself with a character. Dietiker (2012 Dietiker ( , 2013 Dietiker ( , 2015a Dietiker ( , 2015b ) is mainly concerned with the inquiring perspective.
To sum up: storytelling or, more in general, narratives and narratology have been found to be interesting and powerful tools in mathematics education.
A DESIGN HEURISTIC BASED ON DIETIKER'S FRAMEWORK Dietiker (2012 Dietiker ( , 2013 Dietiker ( , 2015a Dietiker ( , 2015b draws from literary theory, and more specifically from narratology (Bal, 2009) , to theorize the mathematical story framework. This framework can be used "for interpreting sequences of mathematical content found in the curriculum." Dietiker interprets these mathematical sequences as stories. The idea is to offer some conceptual tools, which helps educators to make sense of curriculum materials. This framework can also be fruitful in that it adds an aesthetic dimension to mathematical sequences, and rearranges the sequences in such a way that a surprise or suspense is obtained. Dietiker presents some questions that should be asked before one starts to design a new curriculum based on this framework, such as
• How does this sequence enable anticipation of what is to come?
• How can this mathematical story be designed so that the students want to know how it ends?
• Does this story make sense?
Hence, this framework is not only used to motivate students, but also ensures that mathematics becomes more meaningful.
We shall not go into narratology in much detail, except for some basic concepts of a story that Dietiker (2015a Dietiker ( , 2015b uses to create a design heuristic. For more about narratology we refer to Bal (2009) , and for more about applying narratology in the context of mathematics education to Dietiker (2012) .
First, a story needs some characters and a plot. The plot can be seen as a sequence of events which are all interrelated and build up tension. A beautiful or attractive story makes you curious about the development and the end. Authors use different tricks to keep the reader going. In a well-written and coherent story, you are dying to know what happens to the characters and what conflicts may be introduced. Is the conflict solved in the end, and if so, how? Characters are important because they make it possible for readers to identify with one of them. This identification can result in feeling that you yourself have become this character, you are driven into his or her world. The character's worries and luck become your worries and your luck. Furthermore, the action within and the setting of a story are important. They take the reader to different epochs and other contexts, which can contribute to the meaning of the story and the understanding of the action of the characters. Last but not least, there is the question of who performs the action of the story (actor). From whose perspective is the story told? A movie about the Second World War will be completely different if told through the eyes of a German from the story told through those of a Dutchman, and this of course immediately affects many of the story elements.
To tell or write a good story is a very complex task, but it forces us to think about the content, the coherence, and the action in which the story must evolve. Narratology not only distinguishes and analyses the different elements of a story, but it may also be used to create better and more effective stories. Dietiker (2015b) argues that every story element (character, action, actor, setting, plot) from the story has its mathematical counterpart (see Figure 1 ), thus that we are able to speak of mathematical characters, mathematical action, mathematical actor, mathematical setting and mathematical plot. These elements may now be used to create a mathematical story.
Dietiker uses narratology in order to create a mathematical sequence of events (a mathematical story) "that focuses attention to [sic] how the content is slowly (or quickly) 'revealed' or 'obscured' for students." To do this, a mathematical object is seen as a character. This implies that Dietiker's story stays within mathematics itself. By that we mean, for example, that a number (which is considered a mathematical character) remains a number. This number itself will be part of the mathematical action. It is very hard, however, to identify oneself with the number 9 for example.
We believe that the story elements as described in Figure 1 can be used as a design heuristic by which to create a different kind of mathematical story that is meaningful and engaging for students. To do so, our mathematical characters become real characters. Our story, therefore, becomes a story outside mathematics. The mathematical characters, the setting, the actors, the actions, and the plot are all taken into the narrative mode. We do still call these elements mathematical because every character, every action in the narrative mode, represents a character or action in the mathematical mode.
Like The Story of Tan (Schiro, 2004) , our story is about a mathematical problem, which is "more meaningful when placed in the context of a fantasy situation" (Balakrishnan, 2008) . After the story has been told the students encounter the same problem as the protagonist. This implies that the success of the protagonist is directly linked to their own success.
MATHEMATICAL STORY 1
As an example of how an ordinary exercise can be transformed into a story, consider the following exercise, which is taken from a Mathematics B textbook (12 th grade). It says that the intersection point of the three bisectors of AB, BC, and AC is the midpoint M of the circumcircle of the triangle ABC. (Dietiker, 2015b) The circle with midpoint M is given, but the coordinates of M and the radius of the circle are unknown (see Figure 2) . Three points, A, B, and C, which are on the circle and whose coordinates are known, are given. Students are first asked to calculate the coordinates of midpoint M, and secondly to give the equation of the circle, which can be written as
where and are taken from the first question and the radius can be derived by applying the Pythagorean theorem.
First, note that since the circle is the circumscribed circle of the triangle ABC, M is the intersection point of the bisectors of the line segments AB, BC and AC. The problem can be solved via vector representation, or via the representation = + (or the form + = ). After either the vectors or the formulas of two of the three lines have been derived, the corresponding bisectors can easily be found because the inner product of two straight lines must be equal to zero (and in case of the formulas, the multiplication of the slopes must be equal to −1). By calculating the intersection point from two bisectors, the coordinates of M are found. If M is known, the radius of the circle can be derived with the Pythagorean theorem, since we can easily construct a right-angled triangle MM'A where M' is the projection of M on the x axis.
Of course, this problem can be presented as has been done in the textbook. It is a properly abstract problem, which takes only a few steps to solve. Instead, one can also consider the following story, in which mathematical objects are personified and some action or events are being used in order to design a plot. If also a setting is introduced and a narrator (in this case the teacher) then a mathematical story can be created. Note that we used the same elements as Dietiker, but since our characters are not mathematical objects but real persons, the context of our story lies outside mathematics (in our case a dating show) instead of inside mathematics, as in the case of Dietiker. 
I have a cousin named John (a few pictures of John can be shown on the digiboard). John is around my age, a very introverted but intelligent guy with a very good job. John is very happy, (he loves his job, he likes doing sports and is keen on challenges) except for one thing: he would like to be in a relationship. Every family party his aunts and uncles ask him if he 'has met someone yet'. And every time he must say no. This makes him a bit sad. All his friends have children, and he does not even have a partner. The problem is in fact that he does not know well how to talk to strangers, even though he is very social.

Lately I heard of a new television dating show in which someone is dropped in the middle of a tropical island. Three other participants, potential future partners who have been chosen carefully to make a good fit, will arrive at the island by boat. The last 100 meters they have to swim to the shore. They are not bringing don't bring a lot of luggage, but they each do have a global positioning system. The island is a dense jungle. When they arrive at the beach, their coordinates are known and will be briefed to the candidate, who is in the middle. The candidate in the middle of the island doesn't know his or her exact position, only that it is the exact middle. The island is a perfect circle as you can see on the map. Before the candidates can meet and spend two days together to get to know each other, they must find the person in the middle. Therefore, this person needs to calculate his exact coordinates, which are then phoned to the three participants at the beach. They are only allowed to enter the jungle when his exact position is known, otherwise it is too dangerous --one can easily get lost in the dense jungle.
Last month, I discussed the program with my cousin. He was really excited and agreed to join, although he was bit nervous about being on national television. So, I wrote a letter to the television show and after some interviews it is actually going to happen. John will be the first candidate. This implies that he will meet three women of his own age. Only one problem remains, that is, how to calculate the exact coordinates of the middle of a circle if the coordinates of the others are known. Can you help us? It seems a challenging mathematical problem. As an example, we try to calculate the midpoint M of the circle in the following situation (see Figure 3).
In this case mathematical meaning is given via the dating show context, which is introduced as a story. Because this subject relates to their social lives, students will probably be more motivated to solve the problem. Because the mathematical objects are personified, as well as the circle, now an island with a dense jungle, which can easily be imagined, students understand the emotions involved and are able to talk about actual persons and actual dangers on the island instead of about mathematical objects. The plot in this example is about cousin John, who wants to be in a relationship. Instead of a bare mathematical problem, students are more affected because they feel sorry for him and want him to meet the three women to see if it clicks between him and one of them.
The conflict in this story is that until now John has not succeeded in getting into a steady relationship. But this problem is now in the hands of the students --they themselves can influence the end of the story. In order to do so, they can discuss the problem outside mathematics. For example, they understand that person A is able to walk in the direction of person B, in a straight line, or on the beach. The midpoint of the straight line can also be derived easily.
Note that our story possesses Bruner's four characteristics of narratives, as given in section 3. The connection between the exceptional and the ordinary, for example, can be explained by the difference between regular dating (ordinary) and dating on a television show (exceptional). The fact that John is still single can be interpreted as the dramatic quality of the story.
THE MODERN BEGINNING OF NARRATIVE STUDIES: VLADIMIR PROPP
We have given a design heuristic by which to create a mathematical story based on the five elements of a story (character, action, actor, setting, and plot). The main idea here is to personify mathematical objects and create a context as a setting that relates the story to students' lives and interests. However, as in Egan's heuristic, as presented in the introduction, it is still not clear how to organise the content into story form. That is, only some basic elements are given, but that does not tell one how to create a corresponding story --which therefore still depends on the creativity and the imagination of the educator.
In the following we will give a second design heuristic. This heuristic can be interpreted as an extension of the previous one, that is, it also contains the five story elements depicted in Figure 1 , but also much more. Hence, the story that will be designed or redesigned with this heuristic becomes much more detailed and complex.
According to Bruner (2002) , the modern beginning of narrative studies is in the work of the Russian folklorist Vladimir Propp, more specifically his The Morphology of the Folktale. Propp (1895 Propp ( -1970 was a Russian scholar who broke Russian fairytales and folktales into little sections, just as has been done in linguistics, where a similar process is called morphology. Morphology, which comes from Greek and means 'study of shape', analyzes the structure of words and parts of words, such as stems, root words, prefixes, and suffixes, and dates back to the ancient Indian linguist Pāṇini, who formulated the 3,959 rules of Sanskrit morphology. In the same vein, Propp (Propp, 1928) analyzed over 100 Russian folktales. He found that 31 irreducible narrative elements, called functions or narratemes, can be distinguished. Every single tale consists of a number of narratemes. It must be noted that not every narrateme has to be used in every tale, and sometimes a narrateme can be used several times. If every story is made up from a number of narratemes, one could easily invert this condition and use the narratemes as the structure for an engaging story.
The 31 narratemes Propp came up with are divided into seven groups: preparation, complication, transference, struggle, return, and recognition. In Appendix A only the first and the last group are presented. Of course this is just a summary 1 ; see Propp (1928) for the detailed version. 2 
DESIGN HEURISTIC BASED ON PROPP'S MORPHOLOGY OF THE FOLKTALE
Propp has given each function a letter. The first function, absentation -one of the members of a family absents himself from home -is designated by β. There are three possible options that satisfy this function, indicated by a superscript, β , where = 1,2,3. In this specific example of absentation, β 1 means that the person absenting himself can be a member of the older generation; β 2 represents an intensified form of absentation, i.e., the death of parents; and finally β 3 implies that a member of the younger generation leaves home. In the same vein, if the villain causes harm or injury to a member of a family, this is designated by the letter A. Of course there are several ways to harm or injure someone. Therefore, again several possibilities are distinguished: A 1 indicates the villain abducting a person, and A 7 the villain causing a sudden disappearance. Propp now argues that every tale can be written as a sequence of events, or symbols, for example:
where ↑ represents a departure and ↓ a return. This sequence of symbols reminds us of the formalist view in the philosophy of mathematics. According to Hilbert, a proof is nothing more than a sequence of symbols, manipulated according to some rules. In the case of Propp, narrativity, or the narrative mode, is transformed into the paradigmatical mode. It is this sequence of events that is important in both mathematics and narratives (Dietiker, 2015a) . These functions can now be used in order to design a mathematical story which is both meaningful and engaging.
In the tales analyzed by Propp, eight common characters are distinguished: the hero, the false hero, the villain, the helper, the donor (who gives the hero something special to help with the quest), the dispatcher (the character who sends the hero on a mission), the princess (object sought by hero, or reward), and the princess's father (who sets the hero a task, and can be protective of daughter). Since every story contains the basic story elements listed in Figure  1 , they are also a key element in our invented story (as all folktales).
Before we exemplify Propp's formalist analysis by a mathematical story, we would first like to stress three points:
• Not every function appears in each tale. This implies that by constructing a story we can select some of them.
• Not everything in the tale must be true. It is allowed to use imaginary characters, for example, if they make the story more credible, or more beautiful.
• Not every mathematical story has to end with a wedding. Instead, something comparable to such an event can be chosen, in the mathematical setting this could for example be the final recognition of a proof.
The beautiful part of telling stories is that we are able use our imagination. An important feature of a good story is a certain amount of vividness (Gowers, 2012) . As far as we are concerned, everything is allowed if it helps to create a vivid story.
It may sound strange to design or redesign a mathematical story based on the morphology of folktales. However, we believe that the stories of Kepler's conjecture, as well as that of Fermat's last theorem, which was proven by Andrew Wiles, can be interpreted as modern fairytales. The same holds for Perelman's proof of the Poincaré conjecture, and so on. Therefore we think that Propp's narratemes can be fruitful in this respect.
In order to demonstrate how Propp's narratemes can be used, let us reconstruct our thoughts. Last year we encountered the following example in the mathematics textbook.
Five circles with equal radius are drawn, and the corner points of the square are the exact midpoints of the four outer circles (see Figure 4) . The question is: which part of the square is coloured blue?
Our direct association with this exercise was Kepler's conjecture. Kepler saw a stack of oranges in a market, and published a conjecture in 1611 about sphere packing in three-dimensional Euclidean space. It says that no arrangement of equally sized spheres filling space has a greater average density than that of the cubic (face-centered cubic) and hexagonal close packing arrangements. The density of these arrangements is around 74.05%.
Of course, the above exercise is not about three-dimensional space. But the story about Kepler's conjecture can be deployed in several ways. First of all, we can tell the students something about the history of mathematics. Second, we can show what kind of problems mathematicians are currently working on. Third, we can focus on the discipline and the inventiveness needed to obtain a result (in this case a mathematical proof). Fourth, the process of how to get an article published becomes clear. Finally, we can show how exciting mathematics and the mathematical community can be.
We will explain below how we invented an engaging and meaningful story. It would be even better to devote an entire lesson to these kinds of mathematical problems, or a series of lessons, in which attention could also be paid to some three-dimensional problems in order to make sense of Kepler's conjecture. Propp's narratemes make it easy to vary, so that different stories can be told. The details and the vividness of the stories can be filled in as one likes.
The story about the proof of Kepler's conjecture has two protagonists: Kepler himself and the man who succeeded in proving the conjecture: Thomas Hales. Note that Kepler, besides being a mathematician, astronomer, physicist, and astrologist, also wrote science fiction stories. This fact can be used to evolve a story about machines that can count faster than human beings, which appeared in one of his dreams. The story would then be the story that Kepler himself wrote after the revelation in his dream. Although there are obviously good reasons to tell the story from the perspective of Kepler himself, we have chosen to tell this story from the perspective of the mathematician that eventually, more than 400 years later, proved the long-standing conjecture.
MATHEMATICAL STORY 2
In this section we describe a story on Kepler, in which 17 narratemes are being used.
Initial situation, absentation (1) : Thomas Hales (1958) , an American mathematician in his mid-thirties, is walking in a market with his wife. He sees a stack of oranges and tries to remember whether something mathematical was involved.
Interdiction (2):
At home he looks at internet and sees that sphere packing is in fact Kepler's conjecture, stated in 1611. He gets really excited: he found a very old, unproven conjecture and dreams about solving it. He tells his wife. She asks him why he thinks he will be able to solve a 400-year old conjecture. She forbids him to work on the problem, because she is afraid that he is going to be distracted. On the internet he finds an article by László Fejes Tóth (1915 -2005 from 1953, in which Tóth shows that Kepler's conjecture can be reduced to a finite number of calculations, instead of an infinite number (Wiedijk, 2016) .
Violation of interdiction (3):
Secretly Hales starts to work on this big project, and after a few weeks he believes his goal on earth was to prove the conjecture. He tells his wife that he will continue. The first hurdle is taken.
Villainy (8):
After some minor results Hales explains to the Dean of his faculty that he intends to continue his research on Kepler. But the dean doesn't agree; in fact, he forbids Hales to continue, because other things are more urgent. Hales does not listen and reads everything he can lay his hands on concerning the proof. Because he's doing this openly and gives lectures about the subject at the faculty, the Dean calls Hales's wife and argues that she must convince him to stop his research. Even some of his colleagues want him to focus on other things. They are also a bit jealous --what if he eventually does solve the problem?
Beginning counteraction (10): Hales continues his research and develops some ideas that can help him to solve the problem. He writes them down and systemizes the ideas. Then he organizes a meeting with his Ph.D. students and explains what he is up to.
First function of the donor (12):
A few days later, one of his Ph.D. students comes to see him and tells him that he could help. The name of this student is Samuel Ferguson. He explains to Thomas that if Thomas is able to solve a specific problem, Samuel will be able to write a program to check a lot of different cases.
Hero's reaction (13): His Ph.D. student's suggestion looks very hard to Thomas. Now he also begins to understand what kind of trouble he has got himself into. For the first time he sees that this is going to be a huge project, which is going to take a lot of time. He thinks of all the complaints of his boss and his colleagues. After a short depression, he decides to continue the work.
Receipt of a mathematical agent (14): Thomas has to review a paper. This paper gives him an idea, and he is working all day and night to transfer the ideas in the paper to his own problem.
Struggle (16):
The Dean has heard that Thomas is continuing with Kepler's conjecture and makes an appointment, in which he makes clear that Thomas has to give up his work.
Victory (17):
Together with his Ph.D. student he finds a proof of Kepler's conjecture in August 1998. It is based on a lot of computer computations. The results are split over two articles, which he sends to the Annals of Mathematics (the theoretical part) and to Discrete and Computational Geometry (computer part). They are probably going to be accepted, and he shows a preprint to the Dean --who does not know what to say. There is a good chance that one of his employees solved a 400-year old problem.
Unfounded claims (24):
Since the proof is a 300-page monster, it takes 12 reviewers four years to check for errors. Years later, they finally accept it, that is, it is going to be published, but in 2005 the reviewers can say only that they were "99 per cent certain" the proof was correct. That is, they believe it to be true, but they are not fully sure.
Difficult task (25):
Because it has taken so long Thomas thinks there was a sort of mistake in the proof. So, in 2003 he starts another project: an effort to vindicate his proof through formal verification by computer. 
Transfiguration (29):
Thomas is invited all over the world to speak about his solution and about computer proofs in general.
Punishment (30):
The Dean gets fired.
Wedding (31):
In March 2106, Thomas receives an email from a young, female Ukrainian mathematician, Maryna Viazovska (1984) , who claims to have found a proof for the stacking problem in dimension 8. Only a week later, together with some others she published a proof in dimension 24.
Several variants of this story can now be told. For example, the initial situation (1) can also be the death of one the protagonist's parents, or an accident. Because of this tragic happening, the second function, the interdiction (2), can be inverted: Thomas receives an order, a suggestion, or a sign to solve this particular conjecture, because he now understands that life is short and he should focus on important matters.
Stories about mathematics, such as the story of the proof of Kepler's conjecture, can be found everywhere, and these kinds of stories can easily be redesigned based on Propp's narratemes.
These narratemes can also be used to design a story from scratch. In that case, one could for example start with the first step of Egan's heuristic, namely with questions such as: What is most important about this topic? Why should it matter to children? And what is affectively engaging about it? One could then invent some characters and a setting. Then the narratemes come in.
After the story has been told, several options are possible. For example, since the story is about how balls fit into a certain shape, it would be nice to give some 2D and 3D exercises that calculate the percentages filled. For example, given a quarter of a circle with radius equal to 8. First calculate the radius of the smallest circle, and second, calculate the percentages of the area of the purple circle compared to that of the blue quarter circle (see Figure 5 ).
Of course, one can also use this story to introduce the Riemann sum, which basically is about how many rectangles fit within a certain area. Another idea is to discuss what a mathematical proof is, and whether or not a computer proof can be interpreted as a real formal proof.
CONCLUSIONS
Stories in (mathematics) educations can be used to engage students and to make the subject more meaningful, by relating it to students' lives and interests, by situating the subject matter historically, culturally, socially or personally, that is, to humanize the content, and by increasing affective meaning. However, there still remains a gap between the theory and how to apply this theory in the classroom. It probably will not be easy for most mathematics teachers to invent an interesting story that corresponds to the mathematical content. In this paper we have tried to bridge this gap by presenting two design heuristics. The value of this approach is that it provides mathematical teachers with a detailed story framework that is suitable for designing or redesigning mathematical stories.
The first design heuristic is based on Dietiker's mathematical framework (2015b). Dietiker uses story elements to improve the mathematical story within mathematics, i.e., the mathematical sequences. "While carefully crafting sequences of mathematical tasks, the mathematical story framework focuses attention to how the content is slowly (or quickly) 'revealed' or 'obscured' for students." We present a design heuristic in which the mathematical objects, or characters, are personified in an imaginative setting. Since a plot, actors, and action are also added, we are able to speak of a mathematical story, one which occurs, unlike Dietiker's, outside mathematics. We demonstrated the design heuristic by means of a mathematical story (12 th grade).
Because we do not want to tell the same kind of stories over and over again, it is necessary to obtain a range of different design heuristics. Therefore, we have presented a second heuristic design based on the work of Russian formalist Vladimir Propp, who analyzed over 100 Russian folktales. He found that 31 irreducible narrative elements, called functions or narratemes, can be distinguished. We have used the reverse path, that is, we did not analyse an existing story, but have tried to show by means of an example how a mathematical story can be designed or redesigned with the help of these narratemes. The story, concerning the proof of Kepler's conjecture, sheds some light on how the mathematical community works and what is needed to solve a long-standing problem.
Future research should focus on finding more design heuristics for transforming mathematical content into mathematical stories. The first results are promising, but more research should be done to explore whether mathematics teachers are sufficiently capable of designing effective stories with the help of the design heuristics a presented in this paper. Are they capable of redesigning their classroom practice? What kind of difficulties do they experience, and how can these be solved? Furthermore, it would be necessary to explore the effects of storytelling on students' performance and motivation for learning mathematics. This can be achieved by means of an educational design research, which we will carry out in the coming two years. We will design and test two lesson series, measuring students' motivation by means of a questionnaire, and their understanding of mathematics by means of interviews and thinking out loud. Two central research questions in this study will be: what are the characteristics of meaningful and engaging mathematics education based on storytelling, and how can mathematics teachers transform their classroom practice by using narratives? 
